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LAWS OF PROPAGATION OF AN INSTANTANEOUS HEAT PULSE IN A 
FLUIDIZED BED 
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A func.tion is obtained representing the effect of an instantaneous 
hea t pulse in a fluidized bed in the presence of heat losses by way 
of the gas flow and through the externalwalls of the cylindrical 
apparatus. 

In a bed of f ine ly  d i s p e r s e d  m a t e r i a l  f lu id ized  by 
a gas  hea t  t r a n s f e r  t akes  p l a c e  ma in ly  v ia  the so l id  
p a r t i c l e s ,  the volume hea t  c a p a c i t y  of which exceeds  
that  of the gas  by s e v e r a l  o r d e r s .  With the h e a t  
l o s s  f r o m  the s y s t e m  by ,way of the gas  flow taken 
into account ,  the law of hea t  t r a n s f e r  can be d e s c r i b e d  
by the fol lowing d i f f e r e n t i a l  equat ion:  

O0 
.... ae~V~'(9-{-bU grad e, (1) 

w h e r e  

= v c ~"V~:pa(t - ~). 

Le t  us c o n s i d e r  a c y l i n d r i c a l  a p p a r a t u s  conta in ing  
a f lu id ized  bed .  At the uppe r  bounda ry  of the bed we 
p r oduce  a h e a t  pu l se  by r a p i d l y  pour ing  into the bed 
a s m a l l  quant i ty  of hot  p a r t i c l e s  of the s a m e  m a t e r i a l .  
This  g e n e r a t e s  in the s y s t e m  of t h e r m a l  wave  d i r e c t e d  
downwards ,  oppos i t e  to the d i r e c t i o n  of gas  flow. 
The gas  p a s s i n g  through the bed cont inuous ly  c a r r i e s  
away s o m e  of the hea t .  At  the s a m e  t ime,  p a r t  of 
the t h e r m a l  e n e r g y  in t roduced  by the hot  p a r t i c l e s  
i s  r e m o v e d  f r o m  the bed through the e x t e r n a l  cy l i n -  
d r i c a l  s u r f a c e .  Both phenomena  combine  to f a c i l i -  
ta te  a m o r e  r a p i d  damping  of the hea t  p u l s e  in the 
s y s t e m  c o m p a r e d  with a s y s t e m  in which hea t  l o s s e s  
a r e  p r a c t i c a l l y  absen t .  The p r o b l e m  is  to find a 
function r e p r e s e n t i n g  the ef fec t  of the i n s t an t aneous  
hea t  p u l s e  on the s y s t e m  c o n s i d e r e d ;  us ing  this 
fucntion,  i t  should  be p o s s i b l e  to obta in  e x p e r i m e n -  
t a l l y  the e f fec t ive  t h e r m a l  d i f fus iv i ty  of the f lu id ized  
bed f r o m  the d i s t a n c e  to the hea t  s o u r c e  and the t ime  
needed  to r e a c h  the t e m p e r a t u r e  m a x i m u m  [1]. 

Le t  us  now se t  up the bounda ry  and in i t i a l  con-  
d i t i ons .  

The in i t i a l  t e m p e r a t u r e  of the  bed  is  cons tan t  
and equal  to the t e m p e r a t u r e  of the s u r r o u n d i n g  a i r :  

t - - l  0 - |  at ~ - 0 .  (2) 

Heat  t r a n s f e r  t akes  p l ace  through the e x t e r n a l  
c y l i n d r i c a l  s u r f a c e  to the su r round ing  a i r :  

d (4 . . . . .  2 .  (.-) at r = R. (4) 
dr Xef 

In the ca se  be ing  c o n s i d e r e d  (1) i t  is  convenien t  to 

use  c y l i n d r i c a l  c o o r d i n a t e s .  If the  z ax i s  co inc ides  
with the axis  of the a p p a r a t u s  and the gas  f lows only 
in the d i r e c t i o n  of this  axis  (Upa = 0), we have  

O 0  / c)2 (9 1 O e) 
= o+.~ q : -  + . . . . . . . .  

8 T  r Or 

020 ) O0 
4- -_ .!- b U - - - - - .  (5) 

Oz"- ,, Oz 

It can be a s s u m e d  that  the so lu t ion  of this  equat ion 
is  a p r o d u c t  of two funct ions ,  the f o r m e r  be ing  d e -  
penden t  on the v a r i a b l e s  r ,  % z and the l a t t e r  va ry ing  
with the c oo rd ina t e  z only .  The l a t t e r  funct ion c h a r a -  
c t e r i z e s  the r a t e  of damping  of the hea t  pu l se  due 
to the hea t  c a r r i e d  away by the counte r f low of gas .  
I t  s h a r p l y  d e c r e a s e s  with d i s t a n c e  f rom the po in t  of 
ac t ion of the ins t an taneous  hea t  s o u r c e .  We seek  the 
so lu t ion  of (5) in the fol lowing f o r m :  

( - ) = C e x p l - - b U ( z  .... z o ) ' 2 O e f l W ( : , r , z ) .  (6) 

Subs t i tu t ion  of (6) into (5) g ives  a d i f f e r e n t i a l  
equat ion which can be used  to f ind the function W: 

l 0~'" . ()2 ~:" , 1 C)W: 82 ~'! (bLt)2 W. (7) 

aef 8 ~ Or" I Or &o. 2 a~f 

We now employ  the F o u r i e r  method .  We r e p r e s e n t  
the so lu t ion  of Eq. (7) as  a p roduc t  of two funct ions:  

W = R(r)V(T, z). (7a) 

By so lv ing  the S t u r m - L i o u v i l l e  p r o b l e m ,  we 
obta in  a s y s t e m  of two equat ions:  

av c) 2 v , (OC")2 V :- ~.2 Vaef :  0, (8) 

a 2R -t- i aR + ) ~ R  0. (9) 
Or ~- r Or 

The t e m p e r a t u r e  at  the l o w e r  boundary  of the bed 
r e m a i n s  cons t an t  a t  i t s  i n i t a l  va lue ;  

Equat ion (9} is  a f o r m  of B e s s e l ' s  equat ion .  I ts  
p a r t i c u l a r  so lu t ion  has  the fol lowing f o r m  [2]: 

t - - t o = : O = 0  at z- -  ~-:. ('3) R ( r ) ~ C l n ( X . r  ). (10) 
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The boundary condition (3) gives a relation which 
determines the eigenvalues of the parameter X: 

)~R'Bi = 1,,()~, R)/], (k, J~). ( i l )  

we f ina l ly  ob ta in  

1 exp I(~ _ ~:o) ( _  ~ aef - 

A c c o r d i n g  to the condi t ions  of the p r o b l e m ,  at  
the i n s t an t  % an i n s t an t aneous  p lane  h e a t  pu l se  
ac t s  a t  the u p p e r  bounda ry  z0 of the bed.  We now 
c o n s i d e r  Eq. (8). In this  Case i t s  so lu t ion  i s  g iven 
by the G r e e n ' s  funct ion V = G. Equat ion (8) can be  
s y m b o l i c a l l y  w r i t t e n  in the f o r m  LV = 0, in which 
c a s e  the condi t ion  for  the o p e r a t i o n  of the in s t an taneous  
h e a t  s o u r c e  with c o o r d i n a t e s  z0, ~0 b e c o m e s  

L G = : - - 6 ( z - - z o ,  t -%).  

Using  the s e p a r a b i l i t y  p r o p e r t y  of the de l t a  
funct ion and a l so  in t roduc ing  a s y m b o l  fo r  the in -  
v e r s e  o p e r a t i o n  L -~, we obta in  

G -  - - L  -~5(z- -zo)  5 ( ~ - % ) .  

L e t  us  now r e p r e s e n t  the de l t a  funct ion as  a 
F o u r i e r  i n t e g r a l  [3]: 

; (z - -  z o) 8 (T - -  Xo) = 

and us ing  the o p e r a t o r  L -1, we obta in  

-~oo 

_ 1  f;[2 G = (2 n)----~ s aef-Faefkl + 

_ _  ]_1 
(bU)2 + ik.2 exp [ik~ (z - -  zo) ~ ' - i k 2  ('c - -  "%)1 dkj dk2. (12) 
2aef 

We now i n t e g r a t e  Eq. (12), f i r s t  with r e s p e c t  
to the v a r i a b l e  k2, fo r  which p u r p o s e  we use  the 
theo ry  of r e s i d u e s  and the f ac t  that  the i n t eg rand  
funct ion has  one s i n g u l a r  point:  

ik2 = -- aefk~ - -  (bU)2/2 "a~f-- )~ aef. 

The i n t e g r a l  of (12) with r e s p e c t  to the v a r i a b l e  k 2 
is  equal  to the r e s i d u e  at  this  point .  

A f t e r  s o m e  man ipu la t i on  we obta in  

G =  I exp [(-~ ---Co) ( - -  ~,~ _ _ _ _  2s 
e l -  

k 

- -  (bU)2/2 aef)~] j '  cos kl (z - -  z.) ~xp [-- k2;aef(~ - -  "%)] dkl. 

R e m e m b e r i n g  that  the i n t e g r a l  on the r i g h t - h a n d  

s ide  i s  [41 

j / ~locf(-~ - -  %) ex p [-- (z - -  Zo)2/4 aa(~ - -  %)1, 

(bU)~ (z--z~ I (13) 
2 c~o~ ) 4 ~f(--~ ----~o)1 

We now e m p l o y  the p r i n c i p l e  of s u p e r p o s i t i o n  
of so lu t ions .  F r o m  (5), (7a), (13) we d e t e r m i n e  
the v a r i a t i o n  of the t e m p e r a t u r e  at  the po in t  z when 
at  t ime  T0 an ins t an taneous  hea t  pu l se  ac t s  at  the 
po in t  z0. In o r d e r  to s i m p l i f y  the ca l cu l a t i ons ,  we 
se t  ~'0 = 0, z0 = 0. Then 

r 

e)= c ( bU~IVIo(X,,)> 

(14) 

By d i f f e r e n t i a t i n g  the funct ion (14) with r e s p e c t  
to t ime  and equat ing the d e r i v a t i v e s  to z e r o ,  we 
d e t e r m i n e  i t s  m a x i m u m .  Af t e r  s i m p l i f i c a t i o n  we have  

m 

}2  ~ Io (~, r) [exp ( - -  2 )~ a~5~)] ... \ /  
i = l  

aef ] 

The e igenva lues  of the p a r a m e t e r  X i (the roo t s  of Eq. 
(11)) con t inuous ly  i n c r e a s e  with i n c r e a s i n g  i ;  this  
r e s u l t s  in a r a p i d  r educ t i on  of the f a c t o r  I0(Xi, r )  
exp(-2?t~ aef~-m) which tends  to z e r o  as  X i - -  ~ .  
The s e r i e s  (15) c o n v e r g e s  r a p i d l y ;  t h e r e f o r e  fo r  
f inding the t ime  of the t e m p e r a t u r e  m a x i m u m  i t  is  
qui te  suf f ic ien t  to u s e  the f i r s t  t e r m  of the s e r i e s  
only .  Subs t i tu t ion  of the value  of the f i r s t  r o o t  of 
Eq. (ii) R2X~ = 2Bi into (5) gives, after manipulation, 

~,, (4 aa-Bi/ R" + (bU)2/aa)+ ~m - -  z~/4 aa= O. 

Since the nega t ive  so lu t ion  c o n t r a d i c t s  the p h y s i c a l  
mean ing  of the p r o b l e m ,  we w r i t e  the e x p r e s s i o n  for  
the p o s i t i v e  root :  

1 [ a0~i , (bu) 27-1 J • 

• i + 4 ~ - ~  . . . . .  I (16) 
aef J aef 

The r e l a t i o n  thus ob ta ined  m a k e s  p o s s i b l e  the 
d e t e r m i n a t i o n  of the t i m e  when the m a x i m u m  t e m p -  
e r a t u r e  o c c u r s  at  a g iven po in t  with coo rd ina t e  z 
a f t e r  o p e r a t i o n  of an in s t an taneous  hea t  p u l s e  at  the 
o r i g i n  of the c o o r d i n a t e  s y s t e m ,  p r o v i d e d  that  the 
hea t  l o s s e s  take  p l a c e  v ia  the f lu id i z ing  gas  and 
through the e x t e r n a l  c y l i n d r i c a l  s u r f a c e .  Without  
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heat  l o s s e s  f rom the sys t em (Bi - -  0 and U ~ 0), 
the r emova l  of the i n d e t e r m i n a c y  yie lds  the we l l -  
known re la t ion,  which is used for  the exper imen ta l  
de t e rmina t ion  of the the rmal  conductivity:  

x,n = z~, '4 (lef. (17) 

Q8 

~5 

84, 

4 2  
~ 5 

0 ! 2 3 V Bi 

F i g .  1. Dependence of the 
t ime needed to reaeh the 
t empe ra tu r e  m a x i m u m  on 
Bi and the height z/R: 1 -6 )  
z / r  = 0.2; 0.5; 1; 2; 4; 10. 

Compar ing  (16) and (17), we calcula te  the co r -  
rec t ion for the t empe ra tu r e  max imum due to loss  
of heat  f rom the sys tem:  

([: ~m/~il, ~ 2 {[4 aefBi/R ~ -i- (bU)~/u~flz~/aef} - x  X 

to  / V,.l V 1 -] [4a~fBi//~ 2 -i-(bL)-,o~flz"-,a,f- 11. (18) 

Let us cons ider  the specia l  case in which heat  t r a n s -  
fer  f rom the sys t em by the gas is negl igibly smal l  
and heat l o s ses  occur  only through the ex te rna l  
cy l indr i ca l  su r face .  Equation (18)becomes  s imple r :  

T m 

' (  I, .j 1 
which shows that the eo r r ec t ion  ~Bi  is a function of 
the two groups z / r  and Bi. With i nc r ea s ing  values 
of Bi and z /R  the magnitude of the eo r r ee t ion  be -  
comes  i nc r ea s ing ly  di f ferent  f rom 1 (Fig. 1). It 
should be noted that because  of the re la t ive ly  high 
the rmal  diffusivi ty of the fluidized bed, Bi is  usu-  
ally sma l l  (Bi < 1), even in the ease of a la rge  a p p a r -  
atus.  It is therefore  in t e re s t ing  to a s s e s s  the con-  
di t ions when the loss  of heat  f rom the bed to the 
ex te rna l  cy l indr ica l  su r face  can be neglected.  Usu-  
ally, the accuracy  of the de t e rmina t ion  of the the rmal  
diffusivi ty does not exceed 5%; it is therefore  p e r -  
m i s s i b l e  to take ~Bi not l e s s  than 0.95. With this 
condit ion Eq. (19) gives the inequal i ty  

0 , ,  

In Fig.  1 this condit ion is r ep re sen t ed  by the 
shaded pa r t  of the graph, which shows the p e r m i s -  
s ible  range  of var ia t ion  of z /R  and Bi when in pro-  
cess ing  the expe r imen ta l  r e su l t s  use is made of 
the s i m p l e r  re la t ion  (17). 

Let us now turn  to the other  l imi t ing  case:  the 
column is well  insu la ted  and the condit ion (20) is 
sa t is f ied,  but heat  is  c a r r i e d  away by the gas .  In 
this case  

q~u = ~,,,l'c[,~ =: 2 (ae f /bUz)"  [ 1" 1 -t- (bUzlaeD" - -  11. (21) 

The magnitude of the co r r ec t ion  va r i e s  f rom 1 
to 0 dec rea s ing  with i nc r ea s ing  bUz/def ,  as may be 
c l ea r ly  seen f rom Fig.  2 where  (21) is r e p r e sen t ed  
graphica l ly .  

If the co r rec t ion  ~0 U differs  l i t t le  f rom unity 
(1 > ~0 U > 0.95) then, obviously,  the effect of heat 
loss  via the f lu id  flow may be neglected and the 
following inequal i ty  appl ies :  

bUz:a~f:~.~ O. 47. (22) 

If this condit ion is  sa t i s f ied  the wel l -known r e -  
la t ion (17) can be used.  The e r r o r  thereby in t ro -  
duced is l e s s  than 5% and r e m a i n s  well  within the 
r equ i red  range  of tes t  accuracy .  The region where  
the condit ion (22) is sa t i s f ied  is indicated in Fig .  2 
by shading. 

N 

a2 

O 2 5 B beZ/aef 

Fig.  2. Dependenee of the 
t ime needed to reach  the 
t e m p e r a t u r e  max imum (PU 

on the group bUz/def .  

We now i l l u s t r a t e  the above cons idera t ions  by 
an example .  It is r equ i red  to me a su r e  the effective 
the rmal  diffusivity of a f luidized bed along the ve r t i -  
cal in a 1-m d i ame te r  cy l indr ica l  appara tus  in which 
the height of the bed is z = 1.5 m. We use  the modi-  
fied method of ins tan taneous  heat  sources  [1]. Ac-  
cording to the l i t e r a t u r e  data aef = 20 cm2/sec,  U = 
= 1.5 m / s e c ,  a = 20 W/m2.~ The volume heat 
capaci ty of the bed and gas a re  106 and 500 J / m  3 - ~ 
respec t ive ly .  It is easy to see that these condit ions 
fail to sa t is fy  Eq. (22): 

l)Uz aef= 500.1.5.1.5/10~.20 �9 10 -~ >0.47, 
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while condition (20) is satisfied: 

\ R ] aefCpa~/p,(l -- e:) \ l e ;  

20.1 {1-5 ~1~ 
- 2 0 . 1 o  ~ .  1o" \o.~5-]  < o .14.  

For  this reason in measuring aef relation (17) can be 
used with a correc t ion  which takes into account the 
heat ca r r i ed  away f rom the bed by the fluidizing gas 
obtained f rom Fig. 2 or  relation (21). 

NOTATION 

aef--effective thermal  diffusivity of fluidized bed; 
b-- ra t io  of volume heat capacities of bed and gas; 
R--radius of apparatus ; c, Cpa--specific heats of gas 
and par t ic les ;  U--gas velocity; z, r - -coordinates ;  
t, O-- temperatures ;  r - - t ime;  t in- - t ime needed to 

reach the temperature  maximum; o~--coefficient of 
heat t ransfe r  f rom cylindrical  surface to surround-  
ing air ;  ~0Bi , ~PU--corrections to "rm; % "/pc--den- 
sities of gas and mater ia l ;  e--voidage. 
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